Abstract. A Lie algebra K over a field of characteristic zero E is called a completion of a rational Lie algebra L, if it contains L as Q-subalgebra and the E-span of L is equal to K. The class of all completions of a rational Lie algebra is studied in this article.
Let L be a Lie algebra over Q, the field of rational numbers. A pair (K, E) with E a field characteristic zero and K a Lie algebra over E, is a completion of L, if L ≤ Q K ( a Q-Lie subalgebra), and K = Span E (L). In many situations, dim Q L is infinite, while dim E K is finite. Therefore we can apply some properties of finite dimensional Lie algebras in characteristic zero to L. For example, we will show that, if L is nilpotent, then it can be embedded in the algebra of strictly upper triangular n × n matrices with entries from E, for some n. In some cases (L, E) is a completion of L, for example, let L = R 3 ∧ , the infinite dimensional Q-algebra of three dimensional real vectors with the wedge product as the Lie bracket. Although L is infinite dimensional, its completion (L, R) has dimension 3. This observations motivate us to study the class of completions of rational Lie algebras. Most of the work here can be done for other fields, but we do it just for Q.
The type of problems we are going to deal with in this article, are not new; at least in two situations, similar problems are studied. The first one is the study of centroid of Lie algebras. Recall that for a Lie algebra L, its centroid is defined by
The centroid of L is the largest ring in which L is a Lie algebra over it. So if (L, E) is a completion of L, then E ≤ Γ(L). If L is simple, then its centroid is a field (see [1] ), so it is the largest field E, with (L, E) a completion. The second similar situation can be seen in the theory of exponential groups, where the concept of completion for groups is defined. The concept of centroid can be also defined for groups and it is the largest ring in which the group admits as a ring of scalars. For a complete description of exponential groups see [2] and [3] .
This article is arranged in three sections; in the first one, we show that any abelian rational Lie algebra ( a vector space over Q) is potentially one dimensional. In the second section, we introduce the class X L of all completions of L and we show that this class is elementary in the case dim L < ∞. In the section three, we introduce entangled ideals of E ⊗ Q L and we study their connections to completions. This section contains also some results on the completions in some finite dimensional cases.
Abelian Lie algebras
In this section, we show by an elementary argument that any abelian Lie algebra ( i.e. any vector space over Q), is potentially one dimensional, i.e. for any vector space L over Q, there exists a field E of characteristic zero, such that dim E L = 1. Then we show that this can not be generalized for nilpotent Lie algebras of class 2. Proposition 1.1. Let L be a vector space over Q. Then there exists a field E of characteristic zero, such that L is a vector space over E and dim E L = 1.
Proof. First, let dim Q L = n and x 1 , . . . , x n be a basis of L. Suppose
be an irreducible polynomial. Let λ ∈ C be any root of q(t) and E = Q(λ).
Define an action of E on L by the Q-bilinear extension of following rules
It is easy to check that L is a vector space over E of dimension 1. Now, suppose dim Q L = α is infinite. Let X be any set with the cardinality α and suppose Q(X) is the field rational functions with variables in the set X.
where Y varies in the set of all finite subsets of X. Since every Q(Y ) is countable so we have |Q(X)| = |X|. Hence as Q-spaces, we have
One may wants to generalize this proposition for the case of nilpotent Lie algebras of higher nilpotency classes. But this is not true in general, since the three dimensional Heisenberg algebra H = x, y, z with [x, y] = z and z ∈ Z(H) is a nilpotent rational Lie algebra of class two but there is no field E with dim E H = 2. In general, the extension degree [E : Q] is restricted by the numbers dim Q C L (x), x ∈ L. To see this, let L be any Lie algebra over E. Then clearly for any x ∈ L, we have
Therefore, we have Lemma 1.2. Let L be a rational Lie algebra and E be any field such that
By a similar argument, we can prove the following proposition. Proposition 1.3. Let L be an infinite dimensional rational Lie algebra which has a finite dimensional completion of the form
The class of completions
In this section, we show that the class of completions of any finite dimensional rational Lie algebra is elementary ( axiomatizable in some first order language). We also show that this is not true for the class of all fields E in which L is a Lie algebra over E. Remember that a pair
Proof. Let v 1 , . . . , v n be a Q-basis of L. We introduce a first order language
which contains constant symbols 0, 1 and a * for all a ∈ L. It also has two binary functional symbols + and ×, and q is a unary predicate symbol which will be interpreted as "to be scalar". Let Σ be the following set of axioms:
21-for all a ∈ L the axiom: ¬q(a * ). 22-for all a, b ∈ L the axiom: a * = b * . 23-for all a, b ∈ L the axioms: (a + b) * = a * + b * and [a * , b * ] = a * × b * . 24-for all natural number m the axiom:
Now, let M ∈ M od(Σ) be a model of Σ. Define K = {x ∈ M : ¬q(x)} and E = {x ∈ M : q(x)}. Then it is easy to verify that (K, E) is a completion of L. Conversely if (K, E) is a completion of L then we let M = K ∪ E. For all x, y ∈ M , define x + y to be their sum in E, if x, y ∈ E, their sum in K if, x, y ∈ K, and 0 * otherwise. Similarly, define x × y to be xy, if x, y ∈ E, [x, y], if x, y ∈ K, and the scalar product otherwise. It can be verified that M is a model for Σ and so Σ axiomatizes the class X L .
It is clear that the class of all Lie algebras over a fixed field E is elementary. We show that the class of all fileds for a fixed rational Lie algebra is not elementary. Let L be such a Lie algebra. By F L we denote the class of all fields E such that (L, E) is a completion of L. Note that every element of F L is a sub-ring of the centroid Γ(L).
Proof. Let L be a first order language and Σ be a set of axioms of F L . Since L is countable, we may assume that L is also countable. Now Q is a model for Σ and |Q| ≥ |L|. So by the Lowenheim-Skolm theorem, for any infinite cardinal α, the set Σ has a model E of size α. Now
and the left hand side is finite. So [E : Q] is finite, contradicting |E| = α.
Similarly, one can prove that the class F L is not elementary for any abelian Lie algebra L.
Entangled ideals
In this section, we introduce the concept of entangled ideals in a tensor product E ⊗ Q L and we show that they have close connections with the completions of L. For a rational Lie algebra L and any field E of characteristic zero, we say that a Lie algebra
Conversely, for any entangled ideal N , the Lie algebra K defined by the above equality is an E-completion.
Proof. Define a map ϕ : E × L → K by ϕ(x, a) = xa. This map is Q-bilinear and so there is a Q-linear map
, so ϕ * is surjective. Also for any λ ∈ E, we have
So, ϕ * is an epimorphism of E-Lie algebras. Let N = ker ϕ * . Then
so if 1 ⊗ a ∈ N , then a = 0 and therefore N is an entangled ideal.
Conversely, let N E ⊗ Q L be an entangled ideal. Let K be defined as above. Then the map a → 1 ⊗ a + N is a Q-embedding of L in K. So, we may assume that L ≤ Q K. Now clearly K = Span E (L) and so K is an E-completion of L.
Example 3.3. Let L be a Lie algebra over E. Then in the same time L is a Lie algebra over Q. Let I Q L, f ∈ Aut Q (L), and σ ∈ Aut(E). Define
Note that the map ϕ : E ×I → L defined by ϕ(x, a) = σ(x)f (a) is Q-bilinear and so N (I, f, σ) is well-defined. It can be easily seen that N (I, f, σ) is an entangled ideal. So we have a completion
Proposition 3.4. Let E be a finite extension of Q and L be a finite dimensional Lie algebra over E. With the above notations, we have
and in the special case,
. This is an invertible map and we have
As an special case, when
But by an easy argument, one can see that
We can say more about the structure of K(L, f, σ). Let a →ā be the embedding of L in K(L, f, σ). We have, Proposition 3.5. By the above notations, K(L, f, σ) = {ā : a ∈ L} and for all x ∈ E, x.ā = f −1 (σ(x)f (a)). )f (a) ). Hence )f (a) ). Now, we show that nilpotency (solvablity) of L implies nilpotency (solvablity) of its completions. Proposition 3.6. Let L be a rational Lie algebra and K be a completion for L over some field E. If L is nilpotent, then K is nilpotent of the same class. If L is solvable, then K is also solvable of the same derived length.
Proof. We know that there is an entangled ideal N such that
So, for any n we have A Lie algebra L over Q is potentially finite dimensional, if it has a finite dimensional completion. Using a theorem of Ado (see [1] ), it is easy to prove that L is potentially finite dimensional, if and only if L ≤ Q gl n (E) for some field E of characteristic zero and a natural number n. By the above proposition, we have Corollary 3.7. Let L be a potentially finite dimensional nilpotent rational Lie algebra. Then L ≤ Q n + n (E), for some field E and n ≥ 1, where n + n (E) is the Lie algebra of strictly upper triangular n × n matrices over E.
